On the Fitting height of a finite group Pavel Shumyatsky (Communicated by A. Shalev) All groups considered in this paper are finite. The well-known theorem of Zorn says that a group G is nilpotent if and only if G is Engel. It follows that G is nilpotent if and only if every pair of conjugate elements generate a nilpotent subgroup. A stronger result is the Baer-Suzuki theorem that says that an element x a G is contained in a normal nilpotent subgroup of G if and only if 3x; x g 4 is nilpotent for all g a G.
Recently Guest [5] obtained a solvable version of the Baer-Suzuki theorem by proving that an element x a G of prime order p d 5 is contained in a normal solvable subgroup if and only if 3x; x g 4 is solvable for all g a G. The result depends only on Thompson's classification of minimal simple groups [6] and thus is independent of the full classification of finite simple groups. One corollary of Guest's result is that G is solvable if and only if every pair of conjugate elements generate a solvable subgroup (see also [2] ). Independently, similar results were also obtained by Gordeev, Grunewald, Kunyavskii and Plotkin [3] . It is interesting to see if other classes of finite groups admit similar characterization.
In the present paper we prove that a group is solvable with Fitting height at most h if and only if so is every subgroup generated by a pair of conjugates. In what follows we denote by F ðGÞ the Fitting subgroup of G. This is the product of all normal nilpotent subgroups. Set F 0 ðGÞ ¼ 1 and
The author is grateful to the referee for suggesting the short proof of the next proposition. Proposition 1. Let H ¼ 3a; b4 be a 2-generated group acting irreducibly on an elementary abelian p-group V in such a way that ½V ; O p 0 ðHÞ A 1. Let G ¼ HV be the semidirect product of V by H.
(1) There exist elements v; w a V such that G ¼ 3av; bw4. Turull introduced in [7] the concept of a B-tower. We will require only few properties of these subgroups in the particular case that B ¼ 1. So we make an independent definition but keep in mind that every group that is a product of h subgroups forming Turull's B-tower contains a tower of height h in the sense of the definition given below.
Definition 2. Let ðP P i Þ, i ¼ 1; . . . ; h be subgroups of G. Set P h ¼P P h and
We say that the sequence ðP P i Þ, i ¼ 1; . . . ; h is a tower of height h if the following are satisfied:
(1)P P i is a p i -group (p i a prime) for i ¼ 1; . . . ; h; (2)P P i normalizesP P j for i < j; (3)P P 1 is cyclic; (4) P 1 has prime order; (5) p i A p iþ1 for i ¼ 1; . . . ; h À 1; (6) there exists an elementary abelian subgroup H i in P iÀ1 such that ½P i ; H i ¼ P i for i ¼ 2; . . . ; h; (7) if Q cP P i for some i d 2, Q is normalized byP P 1 . . .P P iÀ1 and its image in P i is not contained in FðP i Þ, then Q ¼P P i .
The following lemma is immediate from Turull's results (see for example [7, §1] ).
Lemma 3. Let G be a finite solvable group with Fitting height h. Then there is a tower of height h consisting of subgroups of G.
Suppose that ðP P i Þ, i ¼ 1; . . . ; h is a tower of height h. The sequence ðP P i Þ, i ¼ 1; . . . ; h À 1 is not necessarily a tower of height h À 1 sinceP P hÀ1 =FðP P hÀ1 Þ need not be a minimal normal subgroup inP P 1 . . .P P hÀ1 =FðP P hÀ1 Þ. On the other hand, it is easy to see that both sequencesP P 1 ; . . . ;P P hÀ2 ; P hÀ1 andP P 1 ; . . . ;P P hÀ2 ; P hÀ1 ; P h are towers in the quotientP P 1 . . .P P h =CP P hÀ1 ðP h Þ. This observation will be used in the proof of the next lemma.
Lemma 4. Let G ¼P P 1 . . .P P h , where h d 2 and ðP P i Þ, i ¼ 1; . . . ; h, is a tower. Then G has a subgroup T with the following properties:
(1) T can be generated by two conjugates;
Proof. Suppose first that h ¼ 2. We will show that in this case G is generated by two conjugates and so we can take T ¼ G. Since FðP h Þ c FðGÞ, we can pass to the quotient G=FðP h Þ and assume that FðP h Þ ¼ 1. Then P 1 acts on P 2 irreducibly. If a is a generator ofP P 1 , it is clear that G is generated by a and a x for any non-trivial element x a P 2 .
Thus, it is su‰cient to deal with the case where h d 3. We will use induction on h. Let C ¼ CP P hÀ1 ðP h Þ and S ¼ G=C. We denote by S i the image ofP P i in S. We know that the sequence S 1 ; S 2 ; . . . ; S hÀ1 is a tower of height h À 1. By induction the product S 1 S 2 . . . S hÀ1 contains a subgroup T S with the required properties. The group T S acts naturally on P h =FðP h Þ and the action is irreducible. We can use Proposition 1 to deduce that the product of P h =FðP h Þ by T S is generated by a pair of conjugate elements. Of course, the same is true for the product P h T S . Let T be a subgroup of G that maps onto P h T S and is generated by two conjugates. Then T is a subgroup with the required properties. The proof is complete. r Corollary 5. Let G be a finite solvable group with Fitting height h. Then there is a tower of height h consisting of subgroups of G such that their product is generated by two conjugate elements.
Proof. This is immediate from Lemma 3 and the fact that the subgroups T i in Lemma 4, i ¼ 1; . . . ; h form a tower. r Theorem 6. A finite group is solvable with Fitting height at most h if and only if every pair of conjugate elements generate a solvable subgroup whose Fitting height is at most h.
Proof. Let G be a finite group in which each pair of conjugate elements generate a solvable subgroup whose Fitting height is at most h. It follows from [3] or [5] that G is solvable. Suppose that hðGÞ d h þ 1. By Corollary 5 there exists a tower of height h þ 1 consisting of subgroups of G such that their product is generated by a pair of conjugate elements. But then by the hypothesis the product must be of Fitting height at most h. This is a contradiction. r
